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Abstract. The propagators related to a Dirac particle with anomalous magnetic moment in the presence
of a plane wave field are exactly and analytically calculated via the path integral approach in two rep-
resentations: a global and a local one. It is shown that due to two identities, one bosonic and another
fermionic, the path integral calculations are evaluated essentially on classical paths projected along the
wave propagation k. Special cases are considered as well.

1 Introduction

In spite of the achievement that the path integral has
brought about in various domains of physics by trying to
bring back the quantum description of the physical sys-
tems to its classical analogue, it appeared, however, un-
satisfactory in use in the case of the description of the
spin. This apparent inconvenience is due to the fact that
the spin is a purely discrete physical entity which does
not have a classical analogue, whereas the path integral
is elaborated basically by means of classical images such
as trajectories. In attempting to solve this difficulty, there
have been essentially two categories of path integral for-
mulation. The first one, called the bosonic model, proposes
to use commuting variables to describe the spin dynam-
ics and the second one, known as fermionic, uses Grass-
mann (anticommuting) variables. The latter model was
proposed by Berezin and Marinov who have presented the
Dirac propagator by means of a Grassmannian path in-
tegral in the form of exp(iaction) [1]. This model is a
renewal of the model due to Fradkin, who was the first to
present an action for the Dirac particle based on Grass-
mann variables. In this last decade, Fradkin and Gitman
have returned to this model by establishing a rigorous for-
mulation of this path integral which is in possession of var-
ious properties, such as gauge invariance, reparametriza-
tion invariance and having a supersymmetric form [2,3].
This possibility in using the Grassmann variables at the
classical level (when i — 0) has appeared to be very inter-
esting because of its direct connection with the theory of
superstrings and the interaction between matter and su-
pergravity. The corresponding physical system is known
as a pseudoclassical one and its pseudoclassical mechanics
has been fully studied [4-7]. This ingenious attempt gave
new breath to the research of the analytical and exact
expressions of the relativistic spinning propagators in the
presence of external fields. In this order many problems

have been solved. For example, we can cite the interac-
tion with a constant electromagnetic field [8], the case of
a plane wave field [9-11] and the combination of the two
configurations of fields [12]. In the case of an intense inter-
action field, it is necessary to take account of some effects
such as the anomalous part of the magnetic moment. For
this case the formulation was also elaborated [13] and the
interaction with the constant field was treated via the per-
turbation method [14].

In what follows, we are interested in the calculations of
this effect in the case of a plane wave interaction with the
purpose of exploiting the constraints introduced in [9-11]
which allow us to deal with the problem of the interaction
of a plane wave with a remarkable simplicity. Thus, we
want to add to the list of the anomaly problems one case
which is exactly soluble. For this, it is first necessary to
briefly recall the path integral construction. The propa-
gator of the Dirac particle with an anomalous magnetic
moment in an external electromagnetic field is the causal
Green’s function S¢(xp, x,) of the Dirac-Pauli equation

(1m0 = m = b0 R) 55 2) =5 — 2. ()

where m, = (19, —gA,), g is the electronic charge, p
describes the additional spin magnetic moment, F,, =
8HAV - 8VAM7 ot = (1/2) [’Y“,’Y”Lv [’Y“ﬁ”h = 277HV5
v = diag (1,—1,—1,—1) and pu,v =0, 3.

The scalar product, denoted by a dot, means that a-b =
aubt, o F =0y, - FF.

Multiplying by 7® on both sides of (1), we get

(”i STy — my© — 5755 : Fb) S(zp, q) = 04 (zp — 24), (2)

where § = §99°, 3 = 499, 47 = 10919293 = 7% and
(7%)? = —1. The matrices ¥* have the same commuta-
tion relations as the initial ones *, [y",7™], = 2™,
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n,m =0,3,5, n" = diag (1,—-1,—1, -1,
F ((Eb,a)~

The presence of the matrix 7 in this formulation is for
solving the problems of homogenization which is, in fact,
not important when the anomalous magnetic moment is
absent as has been shown recently by elaborating the two
representations known as the local and global representa-
tions [15].

Formally, S(xp, x4) is the matrix element in the coor-
dinate space of the inverse Dirac—Pauli operator, namely

71) and Foa=

S(@y,xa) = (w3 | § | za), 3)

with

—1
S = (7”7@ —my® — g’y55WF””) =07t (4

Using the Schwinger trick, we represent S by the following
integral expressions:

S=25=254"= / dA / exp [iA (0% + ie) + xO] dx,
0
=Sy = 5g7° = 0G,

=0 (—i/ooo dXexp [iX (O* + ia)}) , (5)

where §1 is called the local representation and §g
the global one. It is clear that G verifies the following
quadratic Dirac—Pauli equation:

O1Gy(wp,70) = 6* (2 — T4), (6)

with

and gg(xb, x,) can be obtained starting from Gg(xp, 24):

Se(xp, Te) = (? Sy —my® — gf& . Fb) Gg(zp,z4). (7)

Doing so, we formulate the anomalous magnetic moment
problem in the two projections, the local and the global
one. In the case of the local projection the operator pro-
jection O is replaced by a path integral using a fermionic
proper time x [13] while for the global one this opera-
tor shall act at the end of the evolution with the aim
to eliminate the superfluous states corresponding to the
square of the Dirac operator and the latter is written in
the path integral representation following [15]. In the case
of the so-called global representation, Sy, which is a mixed
representation of path integral and projection operator,
the construction of the propagator G in the case of the
anomaly was not shown. To do this, it is preferable to
follow step by step the path integral formulation for .S).
It is remarkable to see that the calculations of the global
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description G are similar to those of the local one Si.
Consequently, it is convenient to unify these two Green’s
functions into a A-modified one S by taking into account
the A-modified measure of xy which ensures that

~ S, A=1,
5,\2{ ! \ (8)

In fact, knowing that [dx = 0 and [dyy = 1, we easily
write for the Green’s function Sy the following result [13,
15]:

= (=i a\ [
Sy = <2> exp (17 89")/0 deo/dXO

/ DxzDeDr Dy DvD¥M(e)x '~

Ll 42 e
. _ —MQ
exp {1/0 [ 5 5

— @ (gAu(x) + 4O F, (2)T")

X

X

z,

(V2
iegF,,, (z)THPY + i) (e - M*LP5) X

_|_

—iWn¢n+wé+VX

;9

6=0

dr + Wn(l)W"(O)}

where x,p, A\, m and x, v, ¥", 8™ are even and odd variables
respectively and satisfy the following boundary conditions:

2(0) = zq, (1) = xp,
vr(0)+vr(1) =0",

>\(0) = )\07 X(O) = X0
M* =m + 2ipF,, ()P e",

and the measures M(e) and DV are defined by
i 1
M(e) = /Dpexp {2/ edeT},
0
1 . B
/ DV exp (/ v, v dT)
@ (1)4+%(0)=0 0

The aim of this paper is to calculate this Green function
S in the case of a plane wave field. The plane wave field
A# is characterized by the following properties:

DY = DV

dA

o="k-x withk*=0 andk~A:k-d— 0. (10)
@

As we are going to show, thanks to these simple prop-
erties of the plane wave field, the solution may be analyt-
ically obtained.

2 Exact Green'’s function calculations
Before starting the calculations, let us first expose our

strategy in treating this problem. Taking advantage of the
fact that the plane wave field is a function of the variable
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k-x and that the spin interaction depends on the k-¥ vari-
able, we introduce two identities which consider these two
variables as independent respectively from x and ¥. This
allows us to decouple respectively the free quadridimen-
sional exterior motion x and the free quadridimensional in-
terior motion ¥ from the corresponding interaction terms
and consequently to reduce these two quadridimensional
motions to unidimensional ones which are intimately re-
lated to the classical motion.

As usually done, we firstly integrate over m and v to
fix respectively e to eg and x to xg, and next, as the
plane wave field is only a function of the product k- x, we
introduce a new variable ¢ = k- as independent from the
quadriposition x via a delta functional identity [16-18],

/ dpadpd(pe — k- 24) / DyDp,

1

X exp[i/ Py (¢ —k- &)dr] =1, (11)
0

This change permits us to separate the free action term

— i /(2ep) from the one of the interaction. Now, we lin-

earize this quadratic term — i’ /(2ep) and then integrate
over the = variables. This makes appear the Dirac func-

tional § (P) )

motion p = const. Accordingly, the propagator is reduced

to
5= (3) eo(m ) [
A2 P\ 5n ) | @ryi

X deg exp [ip- (xp — o) + lt?(1{)2 - mQ)]

0

showing that the momentum is a constant of

X /dXOX(lf/\/dapadwbé(cpa —k-z,)

1
X /Dchpw’DQ exp{i/
0

+ pu (P +eop - k — Mk - Wxo)

+ieg(g + 2mpu) F,, v

+ dipegW° F, [p + gAMw”

—iX[(p+ gA) - ¥ + (m — 2ipF,, ') U] xo

g
€o (gA “p+ 2A2>

W,y (12)

dr + Lpn(l)kl'/"(())}

0=0

It is remarkable to see that the introduction of this con-
straint has simplified the calculations by bringing the
study of the motion from quadridimensional space z* to
a unidimensional space described by the variable . Fur-
thermore, we point out that the coupling term of the spin
variables with the electromagnetic field is written as

LT/)(A/ ’ LD)7

where the prime indicates a derivative with respect to the
argument ¢. We then proceed in the same way for the

F,0"w" = 2(k (13)

595

Grassmann case, by suggesting the introduction of a sec-
ond variable 1 which considers k - ¥ independent of ¥ via
the following identity [10,11]:

/dnadnb(s(na —k- g/a)

1
X /DnDpn exp {1/ Dn (77 —k- w) dT] =1,
0

where the variables  and p,, are of the same nature as ¥,
i.e. they are odd (Grassmann) variables.

Knowing that the propagators of the spin variables are
subject to the boundary condition ¥™ (1)4+%"(0) = 0™, re-
flecting the antiperiodic character of the spin, and that the
exponential contains an additional term ¥, (1)¥"(0), it is
convenient to elude these complications by passing to the
Velocity space following the variable change ¥ (7) — w (7):

=(1/2) fo T —1"w"(7")dr" + (0"/2); € (1) is the
s1gn of T, where the ve1001ty w (1) is an odd (Grassmann)
variable.

We should note that during the initial and final time,
the so-called antiperiodic boundary condition is always
satisfied. In other words, the velocity variables are not
subject to any restriction, in contrast to the w*. Moreover,
following this transformation, a quadratic term in w ()
has appeared in the action. Therefore, the Green function
becomes

~ 1 1-X " d4 (e%e]
o (2) ) [
2)} /d><o><(1fA

k
X /d%d%dnadnb5 (o —k-24)0 <77a +3 (w— 9)>

(14)

. ie
X exp [1]3. (zp — o) + ?0(p2 —-m

X / DyDp,DnDp,Dw

1
X exp i/
0

+ Dp(# Feop - k= iAnxo) + py (1 k- )

g2
€eo (gA “p+ 2A2>

_ % [(p + gA) - (ew + 0) + m(ew® + 6%)] xo

+ ieg(g + 2mu)nA’
+ 2ipeg(ew® + 6°)

1 :
X l (p-k—v\nxO) A" (ew+0)
2 €o

+ ;wnaw”] dT}

where we have used the following notations:

AeB = / A(r

Dw = (@) Dw.

- (ew +0)

— A" (p+gA) : (15)

6=0

() dr’,

e(r—7)B
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In order to extract the classical equation of motion let us
make the following shift:

W (r) — wh(r) + ik" /O e 1(r — Ypy(r)dr.  (16)

Consequently, the integration over p, (1) will be straight-
forward and the Dirac functional appears as

(1 +(Ap - k/2)x0)

which expresses that the contribution to the propagator

calculus comes essentially from the path verifying the

equation

Ap-k
2

which is the classical equation of motion.

In effect, starting from the Lagrangian present in (9),
we derive the classical equations of motion. Then multi-
plying them by k*, we easily get

X0T, (17)

p - k = const,
(k- 2) n iAK - ¥)xo —
€o €p
. A(k-a
P i) N (1)

260

Combining these three equations we obtain (17).

In order to integrate over w (1), let us go back to in-
tegral form of the Dirac function § (n, + (k/2) - (w — 0)).
So, the propagator function related to the w () variables
will take the following form:

fouen ([ [
+ /O s (T)wn(f)df}

where we have defined

Nuv€ 0 ]

™(r"drdr’

M (1, 7" )w

; (19)
0=0

Mnm = 051/ e

i\
P
€0

X / Al lp ()] e(m1 — T)e(my — 7')dry,

0

Cs,(1,7") = 2peq (p-

Ju (1) = —eo(g + 2mpu)

1
x / n () AL, [p ()] e (' — 7) dr’

=50 [ It oo (e =) dr

£

i\
— Heg (p -k — 77aX0> 0°
€o

1 .
/ 1
< [ Al @Ne@ —ndr + S (2)
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mA\

1
J5(7) = —7X0/ e(r' -
0
i\
+ peo (p-k— oy MlaX0

X / A lp(T")] - Oe(v! — 7)d7r’

0

7)dr’

- 2#60/0 m (T) Al ()] - [p + gA e (7]
X e(r' —7)dr. (22)

The integral over the variable w(7) is Gaussian and the
result is obtained straightforwardly. It is equal to

det M exp{ / / J"(r
(23)

The inverse matrix M~! can be easily calculated using
the iteration method and its result is then given by

’)Jm(T’)deT'} .

051/1(7' ') = —2peo (p k — l)\naXO)
') A, [p(7)] .

It is easy to verify that DetM = Det (g). Accordingly, the
Green function is rewritten
/ deo

Sy = (;i)l_AeXP (” aen) /

Tq) + 7(172 - WQ)}

x & (T (24)

X exp {ip- (zp

/ dyoxh / dpadrdnadnnd(pa — k - 2a)

Ap -k
X & (nb — Mo + QXO) / dpy, / DypDp,
1
X exp i/
0

+ Py, <77a -

- i/\naXO)

k6 ek
9 4 X0

3
+ Zukfk (607X079:90)d7—‘| } ’
0=0

k=0

pgp(so +60p . k

(25)

where
g2
Fo (€0, x0,0,9) = €o <9A “p+ 2A2) +igegm A’ - 0

*% [(p+gA) -6 +mb°)] xo

1)\ge
2

. A
F1 (807X07 97 410) = 1€p {2 (p : k95 + 2m77a)

——1aXo [eop - kgt A" - €A+ A" - £ (p + gA)],
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x [—eopkgrA"- A" — A" - (p+ gA)] x0
+2mm A’ - 0 + [26° + mAxo (27 — 1)]

1 i\
X { (p-k:— 177aX0> A'-O—WA’-(ergA)]},
2 €0
1.2 1 i 2 7/ U
F2 (€0, X0, 0, ) = ieg §(p'k - g%Xo) AT -0eA"- 0
+2Ap - knaxoTA’ - (p+ gA)eA’ - (p+ gA)
—2p-kmA" - (p+gA)eA -0

2
A A (g (A 0)

+p - kxonaA” - [e (p+ gA)] [eA"- (p + gA)
—geo (p- k)2 A" (empyAT) (eA"-0)

+2geop - kA" - [em AT [em A" - (p + gA)] }

.7‘3 (607X0797%0) = 16(3){ _A/ ’

i ’
+ (p k— naxO) 05) A
€0

+2p - KA [e (p - K6 + 2m) A']

€ <2m (p- k;)2 X

(eA"-0)

X [emA”- (p+ gA)] }

The integration over p,, gives

6(na — (k-0/2) — (Ap - k/4)x0)

which fixes
k-0 . Ap -k
Na = B) 1
assuring that the boundary condition is always satisfied:
Mo+ Ma =k - 0 |o=o-
The integration over p,, gives

X0 (26)

§(P +eop -k — (IXk - 6/2)x0) ,

which imposes on the path ¢ (7) the function of verifying
the classical equation of motion

ik -6
(1) = pa — (eOp-k—1 5 XO)T-

This latter equation concords with the second equations
of (18) obtained from the classical Lagrangian Let us also
note that for the global projection (A = 0), the spin does
not intervene on the classical exterior motion. In order
to integrate over ¢, and ¢,, we insert the integral form
of the Dirac function §(¢p — pa + eop - k — (IAk - 6/2)x0)
and make the following shift: p, — p, — k.pe,. Thus,
integrating over xo and eg, and changing p,, — —p,, we
obtain for the Green function the following expression:

§1 1 d*p 51(p,xb,xa)
(Gg) - @i | o) <5g<p,xb,xa>> %)

(27)

X exp [—ip- (xp — xq) —

with

R

Rsu

Ls

Ly

ig k-xh

bk (A'p_gAZ)d‘P]’

k-xq

where the spin factors have the following forms:

D\(p, xp, a) — exp (7 O\ [iL.6m
Dy (p, T, ) oo 1

x exp (0" R, 0" +6°Rs,0") ) (29)

6=0

_ (g + 2m/“L) o v

+ p? (AY AL+ K (A + Ag)” G7)

k}~:17h
+/ dy ;ﬂ(—A’“A”
k

‘T

1
——kFAYA  (2p—g(Ap+ A
bR A (2p =g (A4 Al)))
+ 2u3mk“S’A”},
—u ((Ab — Ag), + k:,,G‘)

k*Ib
—2p- k‘/ﬁ/ S" (A, + k,G) de,
k

‘La

=m-+ % (Ab - Aa)2 +4p k:u'3 (Ab 'AaGb

k-.’l)b 1
+ / dp <p kG'S —
k

- A -A
(o —za) “G)

k-xp ®
p-k / 1
-— d de'G'S |,
k - (.Ifb - .I‘a) kxq 4 k-xg 4 )

g
= —Pu + 5 (Ab +Aa)u

g
+ mku [gAb A, —p- (Ab + Aa)]

pgm
—_— ———— A J—
2p'kk“( b

2| = £ (A + 4a), (s — Ao)®

— k(G (A2 +p- (Ap— Ay)) — gA, - AaG*)}

A,)?

- 2%m (A + Aa),, + kG ) Ay - A

k~xb
+/ d@{;ﬁ (gA’-(Ab—Aa)AH
k-xg
"o v
+ 2k, {A (p gAa)+k_(xb_xa)Ab Aa} G)

+ 2u3m{ Y <2A — A,
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1 1
B k-(mb—ma)g(gp)A)A“_ k-(zp—xq)

x ((Ab +Ad), + k:uGJr) (A2 + A'e (p) A)

1
k- (zp —xq)

‘)

©
d(p/ dg@'{uzp - kk,G'S
k-xq

— 2k, |A A, —

X (Ap-Ag+ A -e(p) A)

k-zb

|
k - (.%‘b —.I'a) k-zq

k
+ 44Pm (A’ A (A, +k,G) +p2G’S) }

where the prime indicates a derivative with respect to the
argument .

We also notice that we have used the following nota-
tions in order to write the previous expressions in a con-
venient form:

et S U Y
6= (ar-34),
Gt =G, £ G,,
1
= A-[A— (4, + A,)],
S P [A— (A + Ad)]
® / ! kwb / /
e(p) A= : A(p')dy’ — A(¢')dy'.
Za, ®

Finally, to extract explicitly the spin factor, let us proceed
to the derivation over the 6 variables. The calculations
are done in the usual way [9-11], by acting the operator
01/00™ and then replacing the 6 variables by the ™ matri-
ces. In both the case of the global and the local derivation,
it is very easy to obtain the following results for the spin
factor:

@1(p7 xbaxa>
= "Ly [7” (1+iR,50%°) — iR, (o — 2iR*~5)

+ ('Rl; _ RV/L) ,yl/:| _ 75[:5 [1 + i'R,WUlW + RHVR*/LV,YEO:I ,

Qg(p7 xb7 xa)
= (14+Rs5,7") (1 +iR ™)

+RE [Ruw—Ruul v/ +R,w R >, (30)

with R* = (1/2)e""P2 R,s (e*V?° is the Lévi-Civita ten-
sor). Using S¢ = —S+° and according to (7), the dynamics
of the system is thus totally determined by the following
expression in the local and global representations:

. d*p
5=~ | ey e iy

: k:-a:b
i (2 — ) — 9 942
XeXP[ ip- (zp — Ta) p.k/ (A p-3A )dcp :

(31)

k-xzg
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where
By (21, wa) = P (T1, Ta) = PE(2, Ta), (32)
with
@L(mb,xa) =L, [’y“ (—1 + iRp(;Up‘s)
— iR5, (o — 2AR* %) — (RK, — R}) “/V}
T L5 (14 R + R R, (33)

@%(mb,xa) =|p+m-— gﬁb + iumb

1~ 9 T 9
+Mk‘(gAb~p 2Ab)+1k<8(k_xb))]

x [(1 — Rs,”) (1 + iR o)

RE Ry~ Rul o + RWR™™] (34)
and where we have used the notation @ = a - .

The propagator related to our problem, (31), has thus
been calculated exactly and analytically. It is easy to find
out that this propagator is a solution of (1).

This is our main result.

To extract the wave functions from the analytical ex-
pression of the propagator (31), it is necessary to perform
the symmetrization of the latter. The calculus becomes
very long but in principle it causes no difficulty.

Then, to be more effective, it would be interesting to
get the exact and explicit result in particular cases such
as

(1) a charged particle with a weak anomalous magnetic
moment, and

(2) a neutral Dirac particle with a weak anomalous mag-
netic moment.

3 Some special cases

3.1 Charged particle
with a weak anomalous magnetic moment

For this special case we will consider just the first order
in pu. The Polyakov spin factor will be given in both the
cases of global and local projections by

o ~ i/\ o~ . o~ . o~
Dy (zp,24) = (P+m) [1 + Zpkk(Ab Aa)} gAy
2
g o~ g A~~~
——FkA,-p— kA A,
+ bk b P %k b

+ | (P+m—gAy)

m -~ ~ ~ ~ ~ ~
A — A) — (A — A,) - BG™
X(p_kk(b ) — (A )kG>

+ gk(Ay — AL)Gy | .
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Then, after the symmetrization, we easily get the following
result:

Sz, xq) = —

In order to determine the wave functions, let us integrate
over the energy p® and carry out the projection on the
positive and negative energy states [19]:

Ay (p) =Y u(p,s)u(p,s) = pim

- (37)
+s

2m '
-p+m

A (p) == v(p5)0(p,s) =

+s

2m

we thus obtain the following form for S¢(xy, xa):

5% () = +i0 (6 1) [ EOIE
—i (L4 —tb)/dgpzwg;) €0
+s

where the normalized wave functions describing the mo-
tion of the Dirac particles are

1 m\ /2
(2m)3/2 <po)

*) (a)

By (a), (38)

Pt () =

~ o~ 1 ~
X exp 71(5144-/1 ik’A—l—A——kap
2p -k p-k p-k
xu (p, 8) (39)
: k-x
19 g 42
_ _ 9 A-p—24
xexp{ ip-x bk e, ( P=5 )dgp},
1 m\ /2
(=) N e
430 = 1 (53)
—g ~~ —M o~~~ 1 -~
——kA —kA+A—- —FkA-
xeXp{%-k‘ +H{p-k AT p]}
v(p,s) (40)

p-k

k}(EO

X exp {ip~xig (A p+gA2) dtp}
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where p® = (p2 + m2)1/2; k- xo is a constant and u (p, s)
and v (p,s) are the spinors which are the solutions of
the free Dirac equation; @ (p, s)u(p,s) = 1 and v (p,s)

v (pa 8) =—1

In the case of a charged particle without the anomalous
magnetic moment, we suppress the anomalous magnetic
moment £ in (39) and (40). Thus, the wave functions are

- (7)ot o

A p— gA2) d@}

(41)

o (5) [ 5]

k-x
X exp{ ip - x—i (A~p+gA2)dgp ,
p.k kn’I:O 2

xexp{—lp x——

k- o
P, () =

(42)
The result agrees with the literature [9-11]

3.2 Neutral Dirac particle
with a weak anomalous magnetic moment

For this special case we will consider the neutral particle
with a weak anomalous magnetic moment. We put ¢ =0
n (39) and (40); thus, the wave functions are

) () = b (m)1/2
sp (2m)372 \ P

xexp{ [k‘A—l—A—k:A p]}
p p-k

u (p, s) exp(—ip - ),

X
L (m)'?
(277)3/2 pO

—kA A——kA
Xexp{ [pk AT p]}

iy (@) =

xv (p, s) exp(ip - x). (44)

This result is in accordance with that of [20].

4 Conclusion

We have shown through this problem of the particle with
anomalous magnetic moment that the propagator of this
particle is exactly and analytically calculable by two ap-
proaches: the global and the local one, and due to two
identities, the first one related to x (time-space), and the
second one related to ¥ (spin-space).

The two identities we introduced have allowed us to
reduce the contributions of all the paths to a calculus of
the propagators with principally classical paths projected
along the direction of the plane wave propagation k.
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